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Nuclear Scattering on the Lattice

H — scattering information —  d,(p)

How can a finite lattice describe an infinite-volume scattering process?

2/41



Scattering wave functions — phase shifts — the determination
of LECs

Given a two-nucleon interaction on a spatial lattice, how do we
calculate its scattering observables and adjust the interaction so
that they reproduce physical NN scattering?

B From scattering wave functions to observables
O continuum asymptotic wave functions and phase shifts;
O scattering amplitude and effective-range expansion.
B How do we extract phase shifts on a lattice?
O Luscher finite-volume method:;
O spherical-wall and auxiliary-potential methods.
B From a simple interaction to chiral NN forces
O benchmark continuum-lattice calculations;
O improved contact interactions and pion exchange -
B How are the LECs determined? '
O construct partial-wave operators;
O fit lattice phase shifts to empirical NN scattering data

SE, Hildenbrand, MeiBner J.Phys.G 52 (2025) 12, 125102
SE et al. Nature 630, 8015, 59-63 (2024)

Li, SE, Epelbaum, Lee, Lu, Meissner, Phys. Rev. C, 98 (2018) 4, 044002
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How is scattering information encoded in a wave function?

Two-body Schrédinger equation

For two nucleons interacting through a

potential V (r1 — ra),

Vi
2mpy

V3
2mpy

+ V(I‘l — 1‘2).

The center-of-mass and relative coordinates,

r; +ro

R =
2 ’

r=rTr —I2,

so that the relative motion is governed by

For a central interaction, expand the relative
wave function in partial waves,

=3 "y,

m

Y(r)

What does the interaction do?

Suppose the nuclear interaction has a
finite range Rint. For

r> Rinh

the radial wave again satisfies the free
Schrédinger equation.

uEO) (r) o sin (pr — %r) .

With the interaction present,

7> Ring 2

ug(r) —> Agsin (p?“ _ + ég(p))

where
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How is scattering information encoded in a wave function?

For r > Rint, ue(r) o sin (pr — %r + 55(]9)) .

. 1 ; i . . .
Using sinx = % (e” —e “”) , we obtain the asymptotic radial wave as

ue(r) o« 5

—id
€ ¢ [eQiégei(prhr/@ _ ei(préﬂ/Q)] .

outgoing wave incoming wave

Therefore the interaction changes the relative phase between the outgoing and
incoming waves:

Si(p) = e*0e®):- For elastic scattering, |S¢| =1,

so the entire effect of the interaction in each partial wave is encoded in the phase shift

3e(p)-

Scattering converts: ‘V(r) —  we(r) —  de(p) — Sz(p)‘
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From phase shifts to measurable scattering

On the previous slide, the effect of the interaction in each partial wave was encoded in

Se(p) = 280 (p)

But what is observed in a scattering experiment? Far from the interaction region, the
full wave function has the asymptotic form

7—00

ipz
e +
~—~

incident plane wave

eipr

f(9)

outgoing scattered wave

T

The function f(6) is the scattering amplitude:
O determines the measurable angular distribution,

O can be decomposed into partial waves for a central interaction.

[e°)

=0

Z (2¢4 1) fe(p) Pe(cos ),

do

:>d7Q

=1

Each partial-wave amplitude is completely determined by the phase shift,

Se(p) —

1 £219¢(p)

-1 1

Je(p) =

2ip

2ip

"~ pcot de(p) —

ip’
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From phase shifts to scattering observables

Low-energy S-wave scattering
At sufficiently low momentum, the S wave (¢ = 0) dominates. The quantity p cot do(p)
is analytic near threshold and can be expanded as

1 1
pcotdo(p) = —— + ~rop” + vap® + - -
aop 2

This is the effective-range expansion, where

ao : scattering length, ro : effective range.
In particular,
a0 — — lim 2200 (@)
p—0 p

and therefore
£ 50(p) —s ——
pcot do(p e ao‘

Our next problem is therefore:

How do we determine p cot d¢(p) from a finite lattice calculation?
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A toy-model scattering problem: the spherical square-well
Before extracting phase shifts from a lattice calculation, it is useful to start from a
problem for which the continuum answer is known exactly.

Consider two particles with reduced mass p interacting through an attractive spherical
square-well potential,

—Vo, r<R,
Vo > 0.

0, r> R,

For the S wave (¢ = 0), the radial Schrdédinger equation is
2

V(r)] uo(r) = Ewuo(r), E= g—u

Inside the interaction region (r < R) uin(r) = Asin(gr), q = Vp?+2uVs.
Outside the interaction region (r > R) Uout (1) = Bsin (pr + do(p)) -

Simple enough = do(p) can be obtained analytically in the continuum

Nontrivial enough = support scattering, resonant behavior, and bound-state.
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A toy-model scattering problem: the spherical square-well
For the spherical square well,
uin(r) = Asin(gr), Uout (1) = Bsin(pr + do).
The wave function and its derivative must be continuous at r = R:

Asin(¢R) = Bsin(pR + do), and Aq cos(qR) = Bpcos(pR + do).

Eliminating the normalization constants A and B: ‘ gcot(qR) = pcot(pR + do) ‘
= tan(pR + do) = g tan(gR) = do(p) = tan™* [s tan(qR)] —pR

The interaction acts only for » < R, but its effect is encoded entirely in the phase o (p)
of the free wave for r > R.

Vo, R — wo(r) — &o(p)]
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The square well as a benchmark for lattice scattering
For the spherical square well we know the continuum answer analytically,
do(p) = tan~" | L tantam)| ~p.q= Vi e,
At low momentum this phase shift determines the scattering length,

a0 = — lim 20000 _ p tan(R) N 5o
p—0 p qo

Thus the continuum problem provides a complete benchmark:

‘Vo7 R — (50(])) — ao, ’r‘o,...‘

But on a finite periodic lattice we do not have access to the » — co asymptotic wave
function.
Instead, the calculation gives a discrete spectrum,

Hu  —  Bi(Lvox), Ba(Lvox), Bs(Luox), |

The central question is now

En(Lbox) ;> (50([)77,)
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Finite-Volume Scattering: Luscher’s
Method

| En(Lvos) <= Se(pn)

The scattering wave disappears at infinity, but its information survives
in the finite-volume spectrum.

Lischer, Comm. Math. Phys. 105 (1986) 153; NPB 354 (1991) 531

11/41



How do we determine p cot d,(p) from a finite lattice calculation?

Infinite volume: r - 00 =  wuo(r) o sin (pr + do(p)) uo(r) —  do(p)

In finite volume: Y(r + Lpox€i) = ¢(r) — thereisnoregion r — oo

There is no freely outgoing scattering wave extending to infinity.

Instead, the finite system has only a discrete set of energy eigenvalues,
EO(Lbox)7 El (Lbox)7 E2 (Lbox)7

The central question: If the phase shift is defined from an asymptotic scattering
wave in infinite volume, how can a set of discrete energies in a finite box possibly tell
us do(p)?

Liischer’s idea: En(Lbox) <= do(pn) ‘

Note: Lischer's method is fundamentally a finite-volume method. The spatial lattice
spacing a is an additional regulator and needs to be discussed separately.
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How do we determine p cot d,(p) from a finite lattice calculation?

1: What does the periodic box do to the free particles?

Y(r + Lyox®:) = (r)  requires ¥ HEvox®i) — giaT - gnd therefore
2
an = LW n, n = (ng,ny,n.) €z
box

For two particles in the center-of-mass frame (p: = q, p2 = —q), and the relative
energy and the free two-particle energies are

2 1/ 97 \2
EQ=L and |EQ=_—(-"T) n>
e 20 240 \ Lpox

d3q 1
/ (2r)? - oL
N—_—— a

continuous momenta .
discrete momenta

The finite box converts the continuous scattering spectrum into a set of discrete

standing-wave energies. 1341



The remaining question is quantitative: E,(Lyox) N do(pn)-

2: Turn on the interaction H = Hy + V.

1 21 \?
For the fr m  EY=_ 2
or the free syste N 50 \ Lo |n|”,

When the particles interact: EL = En(Lbex)

The interaction changes the standing wave that can fit inside the periodic box, and
consequently shifts the allowed energies.

But in infinite volume we already know how the interaction changes a wave:
up(r) o sin(pr) e uo(r) o sin (pr + do(p)) .

Therefore,

interaction changes the phase <= interaction shifts the finite-volume energies.

The basic physical idea of Liischer’s method: The phase shift cannot be measured
directly inside the finite box, but its effect survives in the displacement of the discrete
two-particle energy levels.
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How do we determine p cot d,(p) from a finite lattice calculation?

3: Reveal the “magic” with the simplest interaction

Consider the simplest short-range interaction

The free two-body Green’s operator is

For a contact interaction, successive interactions occur at zero relative separation.

GeP(B)

1
 E— Ho +i0+’

Therefore define

Ie(B) = = 0/G§ (B =0) = [

d3q

1

()3

E— — +4i0*
2,u+z

q2

The repeated-scattering series is then
TOO(E) =Co+ C()IOO(E)CO -+ C()IOO(E)CQIOO(E)C() + .-
= Co [1+ Coloe + (Colo)? + -+

Summing the geometric series,

Too(E) =

Cyt —Io(E)’

1

15/41



How do we determine p cot d,(p) from a finite lattice calculation?

4: Where is the phase shift hidden in 7., ?
1

For S-wave elastic scattering, folp) = ——.
pcot do(p) —ip
Scattering state Outgoing free Green’s function ~ Standard momentum-state
behaves as normalization
v =P +GITIR) Dy .y AT (Plp) = (20 (B — p),
0 ’ r—oo 2 T
Comparing with the asymptotic scattering wave gives | fo(p) = —%Tm (p).
Therefore, we obtain, T (p) = —% [pcot do(p) — ip] = —%p cot do(p) + i%.
-1 _ M
= ReT, (p) = —%pcot do(p).-

But remember what we obtained from the repeated-scattering series,

T;,l(p):CO_IfIOO(p). = C’O_lfReIoo(p):f%pcotéo(p).‘
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How do we determine p cot d,(p) from a finite lattice calculation?
5: Put exactly the same interaction in the finite box
V = Co.
Only the free propagation changes,

d3 1 1 1
/(2733 — LTZ — IL(E):LTZ -

box a box a E—q

The repeated-contact series has exactly the same structure,
TL(E) = C(] + C()IL(E)OO —|— C()[L(E)CO[L(E)CO + e

1
Cyl —IL(E)

A finite-volume eigenenergy occurs when this denominator vanishes,

Cyt = IL(Ey,).

same interaction + different propagation = finite-volume spectrum.
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How do we determine p cot d,(p) from a finite lattice calculation?

6: Eliminate the unknown short-distance coupling

In infinite volume we found: Cy' —Rels(p) = —%p cot do(p)-

At a finite-volume energy eigenvalue, cyt =In(p).

The same C appears in both equations. Therefore it cancels:

peot do(p) = 72{ [11(p) — Re Lo (p)]

The “mystery” begins to disappear:

The same short-distance interaction Cy appears in the finite- and infinite-volume
problems. When the two are compared, Cy cancels.

scattering information = finite-volume sum — infinite-volume integral.

The remaining quantity depends only on the finite-volume geometry and on the

physical momentum p. 1841



How do we determine p cot d,(p) from a finite lattice calculation?

7: Write the finite-volume sum in dimensionless form

N ) 2 9 Liox 2
For a finite-volume energy E define E = %L’ Qn T n n = (p b )

- Lbox 2
1 1 21 1 m 1
IL(p) = = ==
BuZ V@ L, (.| Pl ko
2/‘1’ 2/"’ P Lbox
. . . . 1 1
But this sum is ultraviolet divergent = For|n|>1 mE—7 ~ ek

A thin spherical shell of radius n contains approximately | dN ~ 47wn? dn

. . 1
integer vectors, so the shell contributes dN ol 47 dn.

Note: The divergence is not a physical finite-volume effect. It is the same

short-distance divergence that is present in the infinite-volume momentum integral.
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LUscher’s quantization condition

Use the same ultraviolet regulator in the finite- and infinite-volume expressions.

M 1 2pA —1
I =— wo(p) = —
£(p) WLbOX‘% FYER Reloo(p) = — L= + O(A™)
Use —21[1 —Rel] = cot do(p) = ! > — 47A
n L e p 0 7TLbox AHOC | ‘2_77 "
<A
where
PLbox \
m=Jim | D 2=y |2 y A 77:(7)
Inj<A

S(n) is not part of the nuclear interaction. It describes the geometry of a periodic
cubic box.

‘En(LbOX) — Pn = Nn — S(n) = Pn cot do(pn) = do(pn) ‘
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peots [fm~']

Lischer’s method: finite-volume energies «+— phase shifts

1

peotbo(p) =
T Lpox

S(n),

2
n= prox
2

What does the figure tell us?
For a given box size Ly,

M The colored curves depend only on
the periodic-box geometry.

H The black curves contain the
physical scattering information.

B Only momenta satisfying the
Luscher quantization condition can
appear as finite-volume energy

p? [fm~2]

eigenstates.

intersection <«—

Pn

<  En(Lpox)

How do we use this in an actual lattice calculation?

En(Lbox) — pn —> Mn — S(n) —> pncotdo(pn) — do(pn)
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The Spherical-Wall Method

Hamiltonian — R,(r) — Si(p) — &(p)

Carlson, Pandharipande, Wiringa Nucl. Phys. A 424, 47-59 (1984)
Borasoy, Epelbaum, Krebs, Lee, Meissner Eur. Phys. J. A 34, 185-196 (2007).
Rokash, Pine, SE, Lee, Epelbaum, Krebs, Phys. Rev. C, 92 (2015) 5, 054612

Lu, Lahde, Lee, Meissner, Phys. Lett. B, 760 (2016) 309-313
Li, SE, Epelbaum, Lee, Lu, Meissner, Phys. Rev. C, 98 (2018) 4, 044002
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An alternative approach: the spherical-wall method

In Lischer's method: \En(LbOX) — Pn —  pncotdlpn) — 54(pn)‘

Remember how the phase shift originally appeared:
. I
7 > Ring = ug(r) o sin (pr Y + 6g(p)> .

This suggests another possibility: Can we construct a finite-volume problem in
which we can directly examine the asymptotic radial wave function?

The spherical-wall idea Instead of allowing the particles to
propagate through the periodic boundaries, impose a hard
boundary on their relative separation,

r < Rw, Rw > Rint.

The phase shift can then be extracted from the standing
wave inside the spherical wall.

Hamiltonian — radial wave function — d,(p) ‘
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The hard spherical wall

Consider the relative-coordinate Hamiltonian,

interaction free standing wave g

region Ry <r<Rw =

v? S

Hr91:_7+v(r)+AW @(T—Rw), \ 8
21 >

v ')

Aw — oo so that the wave function is strongly
suppressed for r > Ry,

Rint RW
¥(r=Rwy) =0 For the S wave,
Write the partial-wave decomposition as sinz cosx

jo(z) = ——, (&) =~ .
P(r) = Re(r)Yem (£), ug(r) = rRe(T) sin(pr + 6)

= Ro(r) « ———=.

Ry(r) = N [cos 8¢ (p) je(pr) — sin e (p) ye(pr)] - pr
Applying the wall condition, Atthe wall | do(p) = nm — pRw .
cos &g je(pRw ) — sindp ye(pRw) = 0, The interaction shifts the
standing-wave nodes; the wall

— | 60(p) = tan? [jg(pr)] turns that shift directly into §,(p).
¢(p) =tan™" | ———=

ye(PRw )
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The spherical wall on a spatial lattice

Where is a “sphere” on a cubic lattice?
In the continuum, the hard wall can be

imposed at an exact radius

T‘ZRw.

On a cubic spatial lattice,

r=ay/n2 +n2+n2,

so the available lattice sites do not form a
perfectly smooth spherical surface.
Therefore the numerical wall behaves as if
it were located at

\RW — RE =Ry +e

The shift € is a finite-a geometrical effect
and must be calibrated.

Use the free problem to determine RS/
For a free eigenstate,

B — .

The effective wall radius is therefore
defined by

je (P RS = 0

’free spectrum — RY interacting spectrum — 5@(17).\
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The auxiliary-potential method: three radial regions

The hard-wall boundary condition (R.(Rw) = 0) allows only a discrete set of standing
waves, p1, p2, ps, -..and therefore only a discrete set of phase-shift points,

1, P2, P3, ... = de(p1), de(p2), de(pa),

For an S wave the approximate momentum spacingis |Ap ~ RL
w

0 R, Ro Ry
Region 10 < r < R; Region Il R; < r < Ro Region lll Rp < r < Rw
Physical interaction: Free propagation: Auxiliary potential:
phys( ) # 0. Vphys = Vaux = 0. Vphys = O: Vaux('r') ?é 0.

This is where the particles  This is where we extract This is used only to tune

scatter. 0e(p)- the energy. o641



Use an auxiliary potential to select the scattering energy

Idea: The hard spherical wall gives only a discrete set of standing-wave energies. To
obtain the phase shift at a chosen momentum, we add a localized auxiliary potential
only in Region Ill and use it as an energy dial.

(T—RW)Q}

o2

Ro <r < Rw, Vaux (1) = Vo exp {—

Tune the energy Hfree + Vphys + Vwall + Vaux(%) == ‘ En(VO) = Etarget~ ‘

Rr<r< RO7 Vphys = Vaux = 0.
This is the free propagation region, so the radial wave function can be fitted as

Fit the wave function in Region Il Ry(r)~ A hg,_)(pr) - B hf)(pr),

W (2) = jolz) £ iye(),

Since the outgoing amplitude differs from the incoming amplitude by the scattering
matrix,

B

Sp =¥t — oe(p) = = arg(—) .

B=_S/A, Se = 3 1

NI
I
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Two ways to extract scattering phase shifts on the lattice

Lischer’s method

Keep the periodic cubic box and
calculate its discrete energy spectrum,

En(Lbox)«

The periodic-box geometry is encoded in

Spherical-wall method

Replace the periodic boundary condition
on the relative motion by a spherical wall,

Rz(Rw) = 0, Rw > Rint.

R(r) ~ AR (pr) — BRST (pr),
with

1 PLbox \
pootdo(p) = s, 0= (P5e)
Therefore,

\En(Lbox) — Pn — 0o(pn)- \

The scattering information is extracted

from the energy spectrum.

Therefore,

[ $e(r) — Se(p) — 6e(p). |

The scattering information is extracted

from the radial wave function.
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From Phase Shifts Back to the Nuclear
Interaction

H — §¢(p)
—_————

forward problem

5Ehysical(p) SN {Cz} SN I{J

. Vv
inverse problem
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From phase shifts back to the nuclear interaction

So far we solved the forward problem:

H — o) — )]

But a realistic nuclear interaction contains parameters that are not known a priori.

In chiral EFT we write schematically ‘ Hy = Hyxin + Viong + Vihort

with ‘/long = Vir + V27T + -, ‘/short = Z C7 Oz

What is known and what must be determined?
The long-range interaction is constrained by pion physics and chiral symmetry.

The allowed operators O; are fixed by symmetries and power counting, but their
strengths C; must be determined.

Now we solve the inverse problem:

H({Cz}) — (ﬁat(p; {Cz}) é 5§)hysical(p).

30/41



Chiral power counting: what enters at each order?

Chiral EFT organizes the nuclear interaction in powers of a small low-energy scale,

Q<<17 QNp7 M.
Ax

For the two-nucleon interaction Vn = V@) L y@) L y@) L @)

Order Long-range physics Short-range physics
Q° [LO] one-pion exchange contacts with no derivatives
Q? [NLO] two-pion exchange begins contacts with two derivatives

@? [N?LO] | subleading two-pion exchange | no new NN contact structures
Q" [N3LO] | higher-order long-range terms | contacts with four derivatives

# mazimum chiral order
nQord = 4

# orders to be fitted

Qorders = [’Q’ + str(x) for x in range(0, nQord + 1, 2)]

As the chiral order increases, additional long-range and/or short-range structures enter,
systematically improving the description of the scattering amplitude. /a4



From chiral power counting to a contact operator

For a fixed spin—isospin channel, construct a momentum-space partial-wave building block,

. 4m .
s (p) = (=) [ A P S (Lm, SS210:) Vi (B) 1S5)

m,S,

L = orbital angular momentum,

n=0,1,2,... additional powers of p2,
fa(p) = smooth regulator used in the numerical implementation.

The physics rule

A contact operator connects an initial and
final partial-wave structure,

(v) (v)
sz' ~ sz‘

Ling,

Lfnf,S

The total momentum order is

’u:Li+2ni+Lf+2nf.‘

r=0=Q°% v=2=0Q3% v=4= Q%

o7 ) (@1l o] +he.

The same rule in the code

for npow in range(0, nQord + 1, 2):

pairs = [(10, lap0) for 10 in 1
for lapO in
range(0, npow // 2 + 1)]

for 1f, lapf in pairs:
for 1i, lapi in pairs:

if 1i + 2%lapi + 1f + 2xlapf !=

npow:
continue
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What operators appear at Q°, Q?, and Q*?

The momentum-counting rule Li4+2n,+ Ly +2n;=v
I f

determines which orbital structures can occur at a given chiral order. Spin, isospin,
and the Pauli principle then determine the physical NN channels.
Q° Q* Q'

v =0 requires Examples:

Examples;
Li:LfZO, ni:anO.

VSE4) ~p/4 +p4, p/2p2,

2 2 2 2
Therefore only S waves VP ~ CP 0 + %) ) o
oceur: Vs ~ o +p%),
v~ c@p'p
'So, 5. Vgl) ~ p'2p?,
giving .
Schematically, since
PR, Py PP,

Li=Ly=2 = Li+Ly=4
V§O)=Cfg0>- i f iTf

351*3D

# keep only operators of order npow
if 1i + 2xlapi + 1f + 2%lapf != npow:
continue
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Regulate and put the interaction on the momentum lattice

Higher order contact operators become increasingly sensitive to the ultraviolet region of
the lattice. We therefore introduce an additional smooth regulator.

2
A convenient smooth regulator is fa(p) = exp ( P ) .

C2A2

Schematically (p', LS I |Veontact|p, LSJ) ~ C fa (p’)p'Lf+2npri+2ni fa(p). ‘

The angular dependence is supplied by the LSJ
projector,

p"Yim(P) and (Lm,Smg|JJ.).

2
= n.
Lbox

On a finite periodic lattice, Pn

The momentum-space operator is then transformed
to the spatial lattice,

1 ip’-r’ —i
e S ol ple
p’.p

box

o(r',r) =

# Gaussian regulator
SO_pl = exp(-qri**2/(2*Lambda**2))
S0_p2 = exp(-qr2*x2/(2*Lambda**2))

# partial-wave projector
oprojLi_p = (
cg(...)
* S0_p1
* qrix*lt
* spf.sph_harm(m, 1t, gpl, qtl)
* gsql**lap
* S0_p2)

# momentum -> spatial lattice
oprojL1 = np.fft.ifftn(

oprojL1_p.reshape((L,L,L))
) .reshape (L**3)
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Add pion exchange to the chiral Hamiltonian

The leading long-range force is generated by one-pion exchange.

q=p —p,

Vin(@) = - (

with the smooth regulator used in the calculation

What the equation contains
_
q® +mi

pion propagator

(o1-9)(02-q)
——————
spin—-momentum structure
T1:T2
N——

isospin structure

For a state of definite total isospin,

1T =2IT+1)—3.

94 27_1.727(0'1'(1)(0'2'(31)F (q)
2fx q2+m$r T
2 2
qQ°+m
Fr(a) = exp [—T’f
v

|

The same ingredients in the code

# momentum-space lattice
gx = dx * (2%pi) / L

qy = dy * (2%pi) / L
gz = dz * (2%pi) / L
Q2 = gr¥*2 + qy**2 + qz¥*2

# regulated pion propagator
Yukawa = 1.0/(q2 + Mpi**2) \
* exp(-(q2 + Mpi*#*2)/LamPi**2)

# momentum -> spatial lattice

Vpi = np.fft.ifftn(Vpi.reshape((L, L, L, 3, 3)), \
axes=(0, 1, 2)).reshape((L**3, 3, 3))

# coupling and isospin factor
Vpi *= -(gA/(2xfpi))**2 \
* (2¢Isospin*(Isospin+1) - 3)
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How do we determine the low-energy constants?

) Nigc
I{((j) ::1¥E§F +"ﬁong + j{: C%()h
=1

C=(C1,C2,...,CNppo)

def getphase_wcr_HO(pin, cdict):
HH = MM.copy()

for opname, lec in cdict.items():
HH += lec * opdict[opname] .M

return getphase_wcr(HH, pin)

For any trial set C, we now know how to calculate the lattice phase shifts,

Forward calculation — ‘ C — H(C) — 83t (p; C) ‘

Inverse problem ==

el p) {01}

Reference phase shifts 6§V (p;) <= partial-wave analyses of physical NN scattering data.

Define the normalized residual

512%(p;; C) — SEWA(p;)

Oaj

7"oej((-j) =

Then minimize | x*(C) = r2;(C).

aj
a,j

cc, pcov = curve_fit(
func,
pfit,
pwa93[mask_figl.flat[:],
sigma=pwa93_err [mask_fig].flat[:],
pO=cc,
absolute_sigma=True

36/41



Which phase shifts constrain which contact interactions?

The contact operators are organized in definite partial-wave channels.
Ml a simpler decomposition into spin channels
B accurate phase shifts and binding energies.

2N force

LO

X

H

NLO

X

N’LO

NLO

@ VO,ISO VO,BSl

L I

V2,1P1 V273P0 V273P1 V2,3P2

(1) (2) (1) (2)
V4,1so V4,1SO V4,331 V4,351

(1) (2)
V4,3SD V4,3SD
Vaap, Vasp, Vasp, Vasp,

Vaip, Vasp, Visp, Vasp,

But several operators may contribute to the same channel:

5150 (p) = 6150 (p,

4
ol oy, ).

Vispr
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Determine the LECs order by order

Chiral power counting tells us not only which operators exist, but also the order in which
they should enter the fit.

Q@ — @ — Q' — ]

QIO H = I+ VD + Y o0,

long
i€QO

and determine the leading S-wave LECs.

Q? [NLO]: Add the two-derivative contact operators,
1Y~V + Y con
iEQO,QQ

and refit the complete set of LECs included through Q2.

Q* [N3LO]:
HY = HGP+ViGy + 32 Gos,
ieQO’Q2’Qd
and refit all included LECs.

add new operators — refit —— improve the phase shifts.
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Putting everything together: from the lattice Hamiltonian to
physical NN scattering

10
Tp] T T T T T T

phase shift (degree)
i i
S =)

s N B L L 2
0 100 200 300 100 200 300 100 200 300 100 200 300
relative momentum (MeV)

symmetry and power counting — operators — LECs — physical scattering.
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EPILOGUE
Beyond Exact Diagonalization

few-body exact diagonalization —  Euclidean-time projection

— many-body methods

40/41



Beyond exact diagonalization: Euclidean-time projection

For the few-body problems = construct the Hamiltonian matrix —- diagonalize

For larger many-body systems <= Hilbert space grows exponentially.

Introduce the Euclidean-time evolution operator = ’M =:e MM

f H[W) = Ea|Tn), [ = calTn),

then after L; Euclidean-time steps M" | Wial) = Z cne” D).

Since E,, > E, for excited states | L; — oo = ME W a1) oc e FoLt )

Euclidean time acts as an energy filter: high-energy components are exponentially
suppressed.

This is the basic bridge from few-body exact calculations to scalable many-body
lattice methods. 41/41



